New concepts in thermodynamics are further extended and combined with a principle of virtual dissipation to provide general equations of evolution of collective open chemical systems. A new definition of the chemical potential is introduced, and some new expressions for the affinity are discussed. Application of the principle of virtual dissipation leads very simply to quite general continuum field equations for thermomolecular diffusion coupled to chemical reactions in a body force field. An energy flux theorem is established. Complementary scalar field equations and corresponding variational principles are derived along with a general mathematical formulation of chemical waves. The power of the variational laprangian formulation of thermodynamics is well illustrated by a simple and very general treatment of active transport in biological membranes. It is indicated how this lagrangian approach originated by the author in 1954 constitutes the fundamental conceptual and analytical tool unifying nonequilibrium thermodynamics and classical mechanics.
Introduction
Our purpose here is two-fold. An interesting expression for the affinity obtained, by de Rycker [9,10] is discussed in section 5. His expression uses the traditional definition of the heat of reaction and mixture properties. It is shown to be equivalent to the new value derived by this writer [ 1, 21 which is expressed in terms of intrinsic heat of reaction and the physical properties of the indivual reactants.
Section 6, discusses reactions in a single cell open or closed. The relation of availability to the affinity is illustrated. For the open cell it is shown how the equations constitute a particular case of the general lagrangian form.
The general entropy balance equation is derived in section 7, along the lines developed earlier [ 14, 15, 17] . In section 8 the principle of virtual dissipation [3,4, 231 is rederived in the particular context of the present paper, and applied in section 9 to obtain field differential equations for a continuum with thermomolecular diffusion coupled to chemical ieactions. The equations are completely general, including heat transferred and generated as well as the influence of the gravity field. As shown in section 10 they lead to an energy flux theorem and the classical result for the Joule-Thomson expansion. The field equations as well as the variational principle may be expressed in complementary form with scalar variables as shown in section Il. This provides a formulation of chemical waves as a mathematical problem of characteristic values.
Section 12 treats the problem of active transport of biological membranes in completely general form in the context of linear thermodynamics.
It constitutes an ideal illustration of the power of the lag rangian formulation with internal coordinates as already derived by the author in 1954-55 [3, 21] .
The last section contains a brief outline whose purpose is to acquaint the reader with the broader aspects of the variational-lagrangian formulation of nonequilibrium thermodynamics and its relation to areas of physics other than those treated here.
New chemical thermodynamics of open systems
A fundamentally new approach to the chemical thermodynamics of open systems has been developed earlier [ 1,2] _ We shall briefly recall the key results.
We have considered a hypersystem constituted by the three cells, a primary cell C,, a chemical equilibrium cell C, and a thermal well TW. A chemical reaction "producing" masses dm, = vk d[ may occur in C, at the temperature T. The same reaction is in equilibrium at the temperature Tes in C,. The thermal well TW is a large isothermal reservoir at the constant temperature To. We have introduced an "intrin-+" heat of reaction fiPT [ 1,2] defined so that lz,, dt is the heat absorbed by the cell C, undergoing a reaction d{, at constant pressure and temperature, the "products" of reaction being removed as the reaction proceeds. Under these conditions the composition, pressure and temperature of the cell remain constant. The masses "produced" by the reaction are positive or negative, to correspond to substances created or disappearing. The traditionally defined heat of reaction is denoted h,, and differs from /& by an additional heat of reversible mixing at constant pressure and temperature [ 1, 2] .
The cells C, + Cch represent a collective system. We denote by hi+ the intrinsic heat of the equilibrium reaction in C, at constant pressure p,, and constant temperature Tcs. We have derived the relation [121 7
'pT pk* (d&/p; + T'di,).
(2.1)
Pkcq'eq
The pressure & is the pressure of the pure substance in equilibrium with the cell C, through a semipermeable membrane. By definition we call & the partial pressure of the substance in C,. The pressure & ~~ is the partial pressure of the substance in C,.
The integral is applied to the pure substance through an arbitrary path of variable pressure, density, temperature pipi T' and entropy differential ds, per unit mass.
We have also shown that it is possible to define the increase of entropy dS,,, of the collective system due to a chemical reaction dt, without recourse to any statistical definition of entropy, by using an equivalent reversible process in the hypersystem. Fol- pk eq *eq eq
The collective potential c13 of C, f C,, also called cell potential of C, is
where%! is the collective energy of C, + C,, and J its collective entropy. If a reaction dt occurs in C, as a rigid adiabatic closed cell, there is no change in internal energy (dCU = 0) and
Note that these quantities are defined by means of a reversible process which produces the same change of state as the chemical reaction. Hence when the change occurs purely through a reaction, the work d W of the corresponding reversible process is lost.
Consider now the primary cell to be open, nonrigid, and non-adiabatic. In order to deal with this case we have added to the hypersystem supply cells CSk each containing a pure substance k and all at the same pressure and temperature p. To. The collective system is now constituted by the cells C, + C,, + xk CSk and the hypersystem is obtained by adding the thermal well TW. The cell C, at the pressure p may now exhibit a change of volume du. An amount of heat TdsT may be injected into it by means of a heat pump between C, and TW. Masses dfifk extracted from CSk may also be injected into C, by a reversible process which we have called a thermobaric transfer. The mass increases dMk are in addition to those dm, = vk dg due to the chemical reaction dg. The resulting increase of cell potential was found to be P21 (2.14)
As already pointed out [ 1,2] the convective potential (2.12) is completely defined within the hypersystem and does not involve any undetermined constant. It may be written in more explicit form by introducing the value (2.7) for J/k. We find $k=Tk -TS,, with (2.15) pkT Tk = s (dp;/jr; + T' dik).
(2.16) 
POTO
is the increase of internal energy, per unit mass transferred, of the collective system C, + CSk and Ek is the associated increase of enthalpy of the same system. We may call kk and 2, the specific relative energy and enthalpy of the substance in k. They are called relative with reference to the state of the substance in the supply cell. The physical significance of the cell potential21 should be clearly understood. We start from an initial state which is assumed to be the lowest state of energy attainable by the hypersystem. We then bring the cell C, to a given state by thermobaric transfer and the use of heat pumps. The reversible work in this process defines the collective potential V .
Generalized collective system and mixed collective potential
Instead of a single primary cell we may consider a large collection Zol C,, of such cells. We have defined [l-4] the collective potential of this system as The useful work is therefore less or equal to the drop in value of I'. Hence V is the maximum useful work available relative to the ground state, and -A V is the loss of "availability". A generalization of these concepts is provided by considering that the work on the system is composed of three parts. The work -pau of the atmospheric pressure pa due to a change of volume u, the work -G due to a force potential field such as gravity and the work W, of the remaining external forces. Hence is simply the classical Helmholtz free energy of the collective system. In the second step only the temperature is varied. Applying eq. (2.5) the collective potential becomes
W=
To n To (3.17) where c is the heat capacity per unit volume as a function of all state variables including the temperature. For quasi-isothermal transformations with small 0 it becomes
The particular linearized case of a continuum under initial stress has been treated in detail [5,6] .
New definition of the chemical potential
We may write (2.1) in differential form diypT = F vk di+ The quantities &, Zi and gk are respectively the convective potential, specific enthalpy and entropy defined relative to the chemical equilibrium state as lower limit of integration. Eq. (4.5) is completely rigorous and based exclusively on the axioms of classical thermodynamics.
It requires the knowledge of the temperature Tes and intrinsic heat of reaction zeq at chemical equilibrium.
PT
In order to express the affinity in the traditional form in terms of chemical potentials we must introduce some new axioms:
(a) We integrate (4.1) with the absolute zero as the lower limit and write ipT = q vk [s"' dV, + Pk(0) 1.
(4.7)
The value of the integral is obtained by extrapolating the experimental data to the absolute zero. It is assumed that the constant of integration may be written in the form xk Vk zk (0) 
Relation to the traditional formalism of chemical potentials
If we introduce the value (4.9) of the affinity in the differential (2.11) we obtain
The increase of mass of each species k is dmk = dMk t vk d.$, (4. 13) where the first term is due to convection and the second due to the chemical reaction. Also by definition the convective potential is
where pOk is the chemical potential of the pure substance in the supply cell. Hence the differential (4.12) anddU=dC)3tTodJbecome The differentials of the collective potential and energy of the whole system are A very simple evaluation of the affinity was proposed by de Rycker [9,10] based also on the knowledge of the chemical equilibrium state. Consider a closed primary cell to go through a closed cycle abcda at constant pressure p with variable volume and variable reaction coordinate t;. Along ab the reaction is frozen and the value t = c1 is constant, while the temperature varies from T to the chemical equilibrium Through the closed cycle there is no increase of cell energy, moreover the work done by the constant pressure on the cell is zero, since the volume returns to its initial value. Hence the total heat energy absorbed is zero, i.e. We will show that the affinity A derived from eqs. (5.4) and (5.5) by de Rycker's procedure is compatible with the value derived from eqs. (2.1) and (2.2). Consider a cell C, without chemical reaction at the temperature Tq. We go through a cycle at constant pressure p where the cell C, is first brought to the temperature T. A mass dm, is then extracted reversibly from C, at the partial pressure pk and constant temperature T. After this extraction the cell C, is brought back to the temperature Tq. The mass dm, is also brought back to the temperature Tq and partial pressure pk eq and injected back reversibly at constant temperature Tes into the cell. Through this cycle the system has not changed. There is no volume change, and no change of internal energy. Hence where hiT is the heat of mixing for substance k at constant pressure and temperature T as defined earlier [ 1,2] while h keq. IS the similar quantity at the equilibrium temp&%ure Tq. We derive (5.12)
Teq ac
In the same way expressing no change of entropy
We may also write as a function off and v. We then eliminate .$ between eqs. (6.5) and (6.6). This yields
A = R(&, v). (6.7)
We note the fundamental property 7. Fundamental entropy balance in a continuum with entropy production, diffusion and convection
In the foregoing development we considered finite cells. We shall now apply the newly developed methods and concepts to a continuum. The collective entropy of the continuum is written S= JCldS2, s2 In this equation S& is the rate of entropy production per unit volume which is not due to thermal diffusion, and & is the rate of energy supplied to a unit volume by thermal conduction at the temperature T. The second integral is evaluated at the boundary A of a with a unit normal ni and represents the entropy supplied to L! by convection. The rate of mass flow of substance k per unit area is $ and Sk is the specific relative entropy of a unit mass of the substance in equilibrium with the medium through a semipermeable membrane at the point considered.
Conservation of energy requires il = -c aqaxi,
where Eii is the rate of heat flow per unit area. The surface integral in (7.2) may be written as a volume integral. After substitution of the value (7.3) for h eq. The vector Si is the total rate of entropy flow, Sl? the rate of entropy flow by conduction and i" the total rate of entropy production per unit volume including the entropy produced by thermal flow. From (7.4) the rate of entropy increase per unit volume is 2 = s* -C aSijaxi. where Mk is the mass acquired by convection per unit volume.
In the presence of chemical reactions the conservation of mass condition is written
where mk is the mass increase of substance k per unit volume and t, are reaction coordinates.
Principle of virtual dissipation
Let us apply eq. (3.13) to a rigid continuum a. We assume no volume change, no external work except that of the potential G(u = We = 0) and negligible inertia forces. We write This equation is applicable assuming no heat or mass flows through the boundary, hence the normal components Of Si and Mf vanish at the boundary. The equation is also valid for arbitrary variations St;,, 6Si, 6Mf and 6s" which satisfy the holonomic constraints (7.8) and (7.9) hence 6~ = -C a 6s,lax,,
We also satisfy sp = -F 6~~ = -F a6Mflaxi.
In variational form eq. (8.3) becomes s (6%' + $?6p + To 6s*) da = 0. sz From (7.7) we derive 6 $ = 6s + 6s". Hence The coefficient Cz! represents a coupling term between mass flow and thermal flow which includes convection. This is discussed in more detail elsewhere [15, 17] . With these definitions the virtual dissipation is expressed by TSs*=C32p6~ptCa'7,,M~+F~,,i. P ki &k i ' (8.14)
Variational derivation of field equations for thermomolecular diffusion and coupled chemical reactions
The unknown field variables to be determined are the reaction coordinate .$,, the vectors Ml! and Si and the entropy produced s*. We shall apply the principle of virtual dissipation (8.10). With the value (8.8) for 6,c13 and (8.14) for T&s* we may write awlalp +32 p = 0.
These equations along with (8.11) constitute a complete system governing the time evolution of the unknowns. They may be written in a simpler form by taking into account eqs. (2.14) we find ap,lax, t aqa&ff = 0, aelax, t acolaS, = 0,
where rPk=@k+S' (9 -4) was introduced earlier as a mixed convective potential. It takes into account the work ($ due to the potential forces on the unit mass.
Isothermal case
Assuming that all transformations occur isothermally at the constant temperature To amounts to putting 8 = 0 in eqs. The unknowns are now .$,, and M,?'. By varying these unknowns, the principle of virtual dissipation (8.10) yields (9.8)
Ap=32. P
Since 0 = 0 the thermobaric potential $k is reduced to PkTo tik =$ dp;Ip;c. With these values the energy flux vector (10.5) becomes The last set of equations for .$ is analogous to (6.14) and is derived from chemical kinetics.
II. 1. Complementary variational principles
We may also consider 0,~ and $, as the unknown variables. It is immediately verified that in this case eqs. (11.7) and (11.8) are equivalent to the variational principle (11.9) with arbitrary Variations 64, = 6pk, 68 and 8Ep. The vector ni is the unit normal at the boundary A of a, and we have put where v is the velocity of propagation. Substitution of(ll.l8)into(ll.l7)yields 12. Variational-lagrangian thermodynamics of active transport in biological membranes A thin membrane separates two reservoirs of cell potentials vand c13+ which represent the outside environment. An external mass flow occurs through the faces of the membrane. An internal mass flow through "carrier" molecules as well as coupled chemical reactions take place inside the membrane. These chemical reactions produce a strong coupling between external mass flows, some of which may be in opposition to the concentration gradient. This so-called active transport has been the subject of extensive studies by a number of biochemists and particularly by Katchalsky and Spangler [20] .
This phenomenon is a particular case of coupled diffusion and chemical reactions obeying the general equations of the preceding sections. However the variational-lagrangian analysis developed earlier [3,4, 211 for collective thermodynamic systems is particularly suited to the treatment of active transport (see section 13 below). An essential feature of the method is the description of the continuous field by a discrete set of variables called generalized coordinates.
From the standpoint of the physicist this representation is completely general since the number of coordinates may be arbitrarily large up to a "resolution threshold" as pointed out earlier [ 191 . The membrane being thin we consider the system to be isothermal at the temperature To (0 = 0). We also assume that there is no external body force field ($? = 0), and that the system is linear in the vicinity of equilibrium.
The membrane is considered to be a one-dimensional system with the coordinate x normal to the faces which are located at x = --a and x = a.
Lagrangian equations which govern the time evolution of general linear thermodynamic system were developed and applied by the author in 1954-55 [3, 2 1 ] . They are directly applicable to the present case and are written $(vtv,,,,+~=o, The std of the membrane is described by A&(x) the mass displacement distribution of each cher&al species along x and by the reaction coordinate lP for each reaction. The membrane being thin we shall neglect the mass storage mk. Hence putting mk = 0 in eq. (7.10) we derive the mass conservation constraint in the form The coefficients ck represent uncoupled molecular diffusion. We assume homogeneous properties so that ck and BuP are constants.
We now introduce generalized coordinates qk qP and {, by writing@ in the form The total dissipation and entropy production remains positive as should be. As a consequence a negative value of Qk ik requires the simultaneous coupled flow of at least two substances.
The symmetric coordinate qk represents a substance for which the same amount of flow occurs at each face. Substance for which qk = ZP vkP qp = 0 do not flow across the faces and correspond to "carrier molecules" which are present only in the membrane. Their behavior is represented entirely by the internal coordinates pi and {i. We have assumed a membrane of homogeneous properties across the thickness. The same linear analysis may be carried out if the membrane is inhomogeneous. In this ,case the coefficients of Cg depend on x. However the equations will not separate into uncoupled symmetric and antisymmetric groups.
Periodic solutions cannot occur in the linear case. Such periodic solutions associated with some cases of active transport require an analysis based on the non-linear equations developed in the two preceding sections.
General variational-lagrangian thermodynamics of collective systems
In the foregoing analysis we have stressed chemical applications. However the methods are completely general and are applicable to all thermodynamic systems of macroscopic physics. This development was initiated by the author in 1954 and further extended and applied in a large number of publications. This development is briefly summarized hereafter.
Linear lagrangian thermodynamics
The development was initiated in the context of linear thermodynamics [3,2 1,221, and leads to the lagrangian equations and Qi are generalized mixed mechanical and thermodynamic driving forces. They may include non-mechanical forces generated at the boundary by driving cells of potential 9' which contribute terms -a9'/aqj to the value of Qi. The inertia terms are represented by (d/dt) (a T//ski). The forms 7 and D are positivedefinite while 3 may be non-definite depending on the stability of the equilibrium state. In many problems we may distinguish external and internal coordinates qk and qa. The lagrangian equations for this case are (d/{t) (a71aGk)t aD/a& t a9jaqi = Qi, ao/ali,ta3yaq, =o. where 6 R is a restricted variation which does not include the entropy produced, and Zi are generalized inertia forces, The forces Xi are generalized dissipative forces defined variationally by c Xi6qi = ST&* da, i A2 (13.8) which represents the virtual dissipation in the domain a to which the variational principle is applied. The variational equation (13.7) constitutes and extension of d'Alembert's principle to dissipative thermodynamic collective systems. We may express the dissipative force in terms of qi and rate variables 4i as xi =Ri(q/'Ql).
(13.9)
The general equations of evolution of the system derived from (13.7) are i33'/Plaqi+Ii+Ri-Qi=O. where the dissipation function D is now a quadratic form with coefficients functions of qi. How to apply such equations in systems with large entropy production s* has been described in ref.
[ 151 by introducing additional variables qi describing the scalar field s*.
Qi we may incorporate the terms -Ci Qi qi into the value of 3 and the equation takes the form (didt) (as/aq + aDlad, + awaqi = 0. (13.14) If 3 may become negative the state of equilibrium is unstable. It was shown that dissipative structures appear in this case and that their amplitude is proportional to real increasing exponentials, i.e. they are nonoscillatory [4,5]. The existence of such dissipative structures for small deviations from a state of static equilibrium has been overlooked in the current literature [18, 27] under the erroneous assumption that such structures require the system to be nonlinear while they appear as linear perturbations of a nonequilibrium state of flow. The perturbations in the latter case may be oscillatory.
In the nonlinear case an interesting example is given by a layered viscous medium in steady compressive flow in the direction of the layers. Folding of the layers with a definite wavelength represents a dissipative structure. It was shown [4] that this may be derived by applying the nonlinear lagrangian equation ao/aii=o, (13.15) with the dissipation function (13.12) and considering small perturbations around the state of steady flow. A large number of references regarding such problems may be found in ref. [28] .
13.3. New heat transfer References For non-inertial systems with transport and diffusion the lagrangian equations are of the type avjaqi+aola4,=Qi.
(13.13)
Its application to heat transfer has been presented in detail in a monograph [ 191. It leads to a new approach eminently suited to systems analysis without using traditional heat transfer coefficients. Simple approximations lead to remarkably accurate results. Among the numerous applications we may cite also the work of Lardner [24] , Prasad and Agrawal [25] , Chung and Yeh [26] .
Instability and dissipative structures
For small deviations from an equilibrium state the perturbations satisfy eq. (13.1). For constant forces 111 121
